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Homomorphism Indistinguishability

graph class 7 relation =

all graphs iIsomorphism Lovasz (1967)
planar graphs quantum isomorphism Mancinska and Roberson (2020)
treewidth <k C**t'-equivalence Dvorak (2010)
treedepth < d C4-equivalence Grohe (2020)
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When is an equivalence relation between graphs a
homomorphism indistinguishability relation?
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Properties of Homomorphism Indistinguishability Relations

Observation (=x is preserved under categorical products)
/f61 = H and Gz =} H, then G1 X Gz =75 Hqy x Hs.
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Properties of Homomorphism Indistinguishability Relations

Observation (=x is preserved under categorical products)
/f61 = H and Gz =} H, then G1 X Gz =75 Hqy x Hs.

For every graph F,

hom(F, G x Gy) = hom(F, G1) hom(F, Gy).
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Properties of Homomorphism Indistinguishability Relations

Closure properties of F correspond to preservation properties of =x.
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Properties of Homomorphism Indistinguishability Relations

Closure properties of F correspond to

Theorem (S. (2023))
For every homomorphism distinguishing closed graph class F, tfae:

F is closed under
minors

summands
subgraphs
induced subgraphs
contracting edges
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Proof Idea

Claim: F closed under minors = =z preserved under complements.
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Proof Idea

Claim: F closed under minors = =z preserved under complements.

Idea: Derive a formula for hom(F, G) in terms of hom(F’, G) where F" is minor of F.

hom(F,G) = > (=15 hom(F',G).
F'CF
V(F)=V(F)

hom(F,G°) = > hom(F @ L,G).
LCE(F)

hom(F,G) = > (-NEF S hom(F @ L,G).
F'CF LCE(F")
V(F)=V(F)
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Homomorphism Distinguishing Closure Roberson (2022)

Given a graph class F,

cl(F) = {F graph | ¥G,H. G=r H = hom(F,G) = hom(F, H)}.
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Homomorphism Distinguishing Closure Roberson (2022)

Given a graph class F,
cI(F) := {F graph | VG,H. G=r H = hom(F, G) = hom(F, H)}.

Largest graph class whose homomorphism indistinguishability relation coincides
with =}
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Homomorphism Distinguishing Closure Roberson (2022)

Given a graph class F,
cl(F) = {F graph | VG,H. G = H = hom(F,G) = hom(F,H)}.

Largest graph class whose homomorphism indistinguishability relation coincides

Lemma (Curticapean et al. (2017))
Suppose for all G, H,

G=rH = ZahomK,,G Za,hom
ie[n] i€[n]

then Ki, ..., Ky € cl(F).
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Proof Idea

Claim: =z preserved under complements = cl(F) closed under minors.

hom(F,G) = Y. (=DEF S hom(F @ L,G).
F'CF LCE(F")
V(F)=V(F)

Coefficients of all minors of F are non-zero.
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Self-complementary Logics

Theorem (S. (2023))
For every homomorphism distinguishing closed graph class F, tfae:

F is closed under
minors

- Feasibility of integer programming relaxations for graph isomorphism
Graphs are encoded via atomic types of vertex tuples

9/ 14



Self-complementary Logics

Theorem (S. (2023))
For every homomorphism distinguishing closed graph class F, tfae:

F is closed under
minors

- Feasibility of integer programming relaxations for graph isomorphism
Graphs are encoded via atomic types of vertex tuples

- Self-complementary logics (L, &)
For every sentence ¢ € L, thereisg € Lsuchthat G = ¢ <= G .
E.g., replace Exy by —Exy A (X # ).
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Ruling out Homomorphism Indistinguishability Relations

Corollary (Atserias et al. (2021))

FO*-equivalence is not a homomorphism indistinguishability relation.
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Ruling out Homomorphism Indistinguishability Relations

Corollary (Atserias et al. (2021))

FO*-equivalence is not a homomorphism indistinguishability relation.

FO* is self-complementary.
Suppose =z characterises FO®-equivalence. Wlog F is minor-closed.

Kk =k Kk1 but hom(Ky, Ki) # hom(Kq, Kiy4), SO Ky & F, contradiction!
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Graph Minor Theory rules out Homomorphism Indistinguishability

Theorem (Robertson and Seymour (1986))
For a minor-closed graph class F, tfae:

- F has unbounded treewidth,

- F contains all planar graphs.
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Graph Minor Theory rules out Homomorphism Indistinguishability

Theorem (Robertson and Seymour (1986))
For a minor-closed graph class F, tfae:

- F has unbounded treewidth,

- F contains all planar graphs.

Corollary (S. (2023))
Let L be a self-complementary logic. Suppose that

- L-equivalence is homomorphism indistinguishability relation,

- forevery k € N, there exist graphs G and H such that G = H and G #_ H.

Then all L-equivalent graphs are quantum isomorphic.
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Outlook: Logics stronger than Weisfeiler-Leman

Theorem (Lichter, Pago, S. (2023+))
LAR(Q)-equivalence is not a homomorphism indistinguishable relation.

12/ 14



Outlook: Logics stronger than Weisfeiler-Leman

Theorem (Lichter, Pago, S. (2023+))
LAR(Q)-equivalence is not a homomorphism indistinguishable relation.

LAR(Q) does not distinguish CFlI-like graphs over some planar base graph.

12/ 14



Outlook: Logics stronger than Weisfeiler-Leman

Theorem (Lichter, Pago, S. (2023+))
LAR(Q)-equivalence is not a homomorphism indistinguishable relation.

LAR(Q) does not distinguish CFlI-like graphs over some planar base graph.

Roberson (2022): CFI-like graphs over planar base graph are not quantum
isomorphic
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Polymorphisms

Theorem
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Polymorphisms

A polymorphism of a relation = is a map f such that Theorem

Gi=Hq,...,Gp =Hp, = f(G1,...,Gh)Ef(H%...,Hk).
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Polymorphisms

A polymorphism of a relation = is a map f such that Theorem
Gi=Hq,...,Gpr=Hp = f(G1,...,G/?) Ef(H%...,Hk). GG

(GH)— G+H

G G
Closure properties of F are reflected by the clone of H — GI[H] for every G

polymorphisms of =x. G — G[H] for every H.
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Polymorphisms

A polymorphism of a relation = is a map f such that Theorem
Gi=Hq,...,Gpr=Hp = f(G1,...,G/?) Ef(H%...,Hk). GG

(GH)— G+H

G G
Closure properties of F are reflected by the clone of H — GI[H] for every G
polymorphisms of =x. G — G[H] for every H.

What about

- complexity of HOMIND(F)?
- treewidth of F?
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Conclusion

- Closure properties of F correspond to preservation
properties of =x.
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Conclusion

- Closure properties of F correspond to preservation
properties of =x.

- Self-complementary logics have homomorphism
indistinguishability characterisations over
minor-closed graph classes (if at all).
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Conclusion

- Closure properties of F correspond to preservation
properties of =x.

- Self-complementary logics have homomorphism
indistinguishability characterisations over
minor-closed graph classes (if at all).

- When is an equivalence relation between graphs a Wi
homomorphism indistinguishability relation? o );/ :

- Check out arXiv:2302.11290! /f’
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