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However, graph isomorphism is

• theoretically elusive and
• practically often inconsequential.
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T Wk finite model theory Dvořák (2010); Dell, Grohe, & Rattan

(2018)
graph isomorphism testing Cai, Fürer, & Immerman (1992)
optimisation Atserias & Maneva (2012); Malkin

(2014); Grohe & Otto (2015)
category theory Dawar, Jakl, & Reggio (2021)
machine learning Xu et al. (2018); Morris et al. (2019)

… …
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Conjecture (Roberson (2022))
Every minor-closed union-closed graph class is homomorphism distinguishing
closed.

• planar graphs Roberson (2022)
• bounded treewidth Neuen (2024)
• bounded treedepth Fluck, S., & Spitzer (2024)
• bounded pathwidth S. (2024)
• essentially finite graph classes S. (2023)
• outerplanar graphs Neuen & S. (2024)
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Theorem (S. (2023))
For every homomorphism distinguishing closed graph class F ,

F is minor-closed ⇐⇒ ≡F is preserved under complements.

• Typical graph isomorphism relaxations are preserved under complements.
• Towards a theory of homomorphism indistinguishability, we can focus on
minor-closed graph classes.

• Minor-closed graph classes are subject to a rich structure theory.
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Let F be minor-closed and proper.

HomInd(F )

Input Graphs G and H.
Decide G ≡F H.

Theorem (S. (2024))
If F has bounded treewidth, then
HomInd(F ) is in coRP.

PTIMEcoRP

T Wk

PWk

T Dk

Undecidable

planar

Where is Lk?

Lk

Dell, Grohe, & Rattan (2018); Dvořák (2010); Grohe (2020); Grohe, Rattan, S.
(2022); Mančinska & Roberson (2020)
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Theorem (S. (2024))
For every minor-closed graph class F of bounded treewidth, HomInd(F ) is in coRP.

F = trees

growing gluing growing
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Theorem (S. (2024))
For every minor-closed graph class F of bounded treewidth, HomInd(F ) is in coRP.

F = treesTrees

F = paths
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Theorem (Courcelle (1990); Robertson & Seymour (2004))
Every minor-closed graph class F induces finitely many classes.

29 / 36



growing

growing

growing

growing

Theorem (Courcelle (1990); Robertson & Seymour (2004))
Every minor-closed graph class F induces finitely many classes.

29 / 36



growing

growing

growing

growing

Theorem (Courcelle (1990); Robertson & Seymour (2004))
Every minor-closed graph class F induces finitely many classes.

29 / 36



growing

growing

growing

growing

Theorem (Courcelle (1990); Robertson & Seymour (2004))
Every minor-closed graph class F induces finitely many classes.

29 / 36



growing

growing

growing

growing

Theorem (Courcelle (1990); Robertson & Seymour (2004))
Every minor-closed graph class F induces finitely many classes.

29 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



7

7

1
1
1
1
1
1
1

1
1
1
1
1
1
1

12

12

2
2
2
2
2
2
0

3
2
2
2
1
1
1

24

24

4
4
4
4
4
4
0

9
4
4
4
1
1
1

30 / 36



Let F be minor-closed and proper.

Theorem (S. (2024))
If F has bounded treewidth, then
HomInd(F ) is in coRP.

Conjecture (S. (2024))
If F has bounded treewidth, then
HomInd(F ) is in PTIME.

Otherwise, HomInd(F ) is undecidable.

coRP

T Wk

PWk

T Dk

Undecidable

planar

Lk
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Distinguishing Power
What’s the power of ≡F?

• Comparing graph isomorphism relaxations by
comparing graph classes

• Determined power of Lasserre vis-à-vis
Sherali–Adams

Theory of Homomorphism Indistinguishability

• Result: minor-closed graph classes play
a central role.

• Open: Roberson’s conjecture
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Complexity
How to decide ≡F?

Theory of Homomorphism Indistinguishability

• Result: HomInd(F ) is in coRP for minor-closed
graph classes F of bounded treewidth.

• Open: dichotomy for proper minor-closed graph
classes

• Lasserre is in coRP.
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