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Every graph parameter can be
written as linear combinations of
homomorphism counts...



..and these linear combinations
convey complexity-theoretic
Information.
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3. The miraculous world of linear combinations of hom-polynomials.
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Determinant Permanent

n n
det, = Z Sgn(ﬂ) HX,'J(,') permy, = Z HXi,n(i)
=1

7T€Sn 7r€5n =1

has poly-size algebraic circuits. .
VP vs. VNP (Valiant (1979))

Does perm, admit poly-size algebraic

circuits?
Theorem (Dawar & Wilsenach (2020)) Theorem (Dawar & Wilsenach (2020))
det, admits poly-size circuits. perm, does not admit poly-size

circuits.
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Symmetric polynomials are functions of (n, n)-vertex bipartite graphs.
E.g., the permanent perm,(G) is the number of perfect matchings in G.
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For a bipartite multigraph F and n € N,

homg == Z H Xh(u),h(v)

h: V(F)—[n] uveE(F)
Fact
A polynomial is symmetric <= it is a linear combination of hom-polynomials.

Corollary
Every graph parameter can be written as

Pn(*) =Y arphom(F, ).
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The same polynomial may have multiple representations as linear combinations of
hom-polynomials!

< linear combinations of hom-polynomials for
MOV e patterns F with td(F) > pw(F) > tw(F) € Q(n)
II 11 i = seemingly not in symVP
i€[n] j€ln Oy
€lnl je[n] rth@ore
m linear combinations of hom-polynomials for
patterns F with O(1) > td(F) > pw(F) > tw(F)

= in symVF

Separating symVF, symVBP, and symVP relies on substantial work on
homomorphism indistinguishability.

Cai, Fiirer, & Immerman (1992); Dawar & Wang (2017); Roberson (2022); Neuen (2024); Dell, Grohe, & Rattan (2018); Dvofak (2010); Montacute & Shah (2024);
Grohe (2020); Fluck, Spitzer, S. (2024); S. (2024); Dawar, Pago, S. (2026)
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Theorem (Single homomorphism polynomials)
For every family of graphs Fy, the following holds

symVP
(homy, p)nen € { SYMVBP <=

symVF

tw(Fp)

pw(F,) € 0(1).

td(Fn)
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Theorem (Single homomorphism polynomials)
For every family of graphs Fy, the following holds

symVP tw(Fp)
(hompr, n)nen € § SYMVBP <= < pw(F,) € O(1).
symVF td(Fp)

Theorem

symVF C symVBP C symVP.

12



Question (Complexity Monotonicity)
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Question (Complexity Monotonicity)
When is the complexity of 3~ ar n hom(F, ) governed by max{tw(F) | arn # 0}?

- dimension dim(n) := [{F : arn # 0}|
- volume vol(n) := max{|V(F)| : ar,n # 0}

o(1)

Observe that dim(n) < 2(vol(")

13



vol(n)

» dim(n)

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).



| » dim(n)
exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).



vol(n)

1 exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).

14



vol(n)

» dim(n)
1 constant exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).

14



n ——
n1—5 =
Algebraic
complexity
o) + VFPT vs. #VW[1]
Graph motif
parameter
FPT vs. #W[1]
| | | | s dim(n)
1 constant polynomial exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).



n -
o(n) +
n1—£ =
o(1) +

Symmetric
Algebraic algebraic
complexity complexity
' VFPT vs. #VW[1] symvpP
Graph motif
parameter

FPT vs. #W[1]
| | | | s dim(n)
1 constant polynomial exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).
14



vol(n)

n -+
n—e—8
o(n) 4=
n1—£ =
o(1) +

Symmetric
Algebraic algebraic
complexity complexity
' VFPT vs. #VW[1] symvpP
Graph motif
parameter

FPT vs. #W[1]
| | | | s dim(n)
1 constant polynomial exponential

Graph motif parameters due to Curticapean, Dell, & Marx (2017). Parametrised Valiant's classes due to Blaser & Engels (2019).
14



Every graph parameter can be written as linear combinations of
homomorphism counts and these linear combinations convey
complexity-theoretic information.

15



Every graph parameter can be written as linear combinations of
homomorphism counts and these linear combinations convey
complexity-theoretic information.

- Unconditional symmetric algebraic lower bounds.

15



Every graph parameter can be written as linear combinations of
homomorphism counts and these linear combinations convey
complexity-theoretic information.

- Unconditional symmetric algebraic lower bounds.

- For polynomials of sublinear volume and polynomial dimension, symmetric
and non-symmetric algebraic computation have the same power.

15



Every graph parameter can be written as linear combinations of
homomorphism counts and these linear combinations convey
complexity-theoretic information.

- Unconditional symmetric algebraic lower bounds.

- For polynomials of sublinear volume and polynomial dimension, symmetric
and non-symmetric algebraic computation have the same power.

- Next: linear combinations of linear volume or superpolynomial dimension.
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