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graph class F relation ≡F

all graphs isomorphism Lovász (1967)

cycles cospectrality
Folklore

planar graphs quantum isomorphism Mančinska & Roberson (2020)
treewidth < k Ck-equivalence Dvořák (2010); Dell, Grohe, & Rattan

(2018)
Weisfeiler–Leman algorithm Cai, Fürer, & Immerman (1992)
Sherali–Adams LP Atserias & Maneva (2012); Malkin

(2014); Grohe & Otto (2015)
Pk-coKleisli isomorphism Dawar, Jakl, & Reggio (2021)
Graph Neural Networks Xu, Hu, Leskovec, & Jegelka (2018); Mor-

ris, Ritzert, Fey, Hamilton, Lenssen, Rat-
tan, & Grohe (2019)
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For which F is the relation ≡F the
same as isomorphism ∼=?

4



Question (Günthard & Primas (1956))
Are all cospectral graphs isomorphic?

No! Collatz & Sinogowitz (1957)

Homomorphism indistinguishability over cycles is not isomorphism.

Question (Weisfeiler & Leman (1968))
Are all Ck-equivalent graphs isomorphic?

No! Cai, Fürer, & Immerman (1992)

Homomorphism indistinguishability over graphs of treewidth < k is not
isomorphism.
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Can ≡F be isomorphism for a proper graph class F?

Yes.

• connected graphs Lovász (1967)
• class of 2-degenerate graphs Dvořák (2010)
• some class of bounded expansion Dvořák (2010)

Conjecture (Roberson (2022))
For every graph class F excluding some minor, the relation ≡F is not
isomorphism.
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bounded expansion

excluded topo-
logical minor

bounded
∞-admissibility excluded minor

excluded weak
immersion

bounded Euler genus
bounded vortex-free
Hadwiger number

planar bounded treewidth

bounded degree forests

Dvořák (2010); Dell, Grohe, & Rattan (2018); Atserias, Mančinska, Roberson, Šámal, Severini, & Varvitsiotis (2019); Mančinska & Roberson (2020); Cai, Fürer,

& Immerman (1992); Slofstra (2019); Roberson (2022); Dvořák (2010); Roberson (2022); Jiménez, Moore, Quiroz, & Yoo (2026)
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Figure by Felix Reidl.
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Figure by Felix Reidl.
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Figure by Felix Reidl. The vortex-free Hadwiger number was introduced by Thilikos & Wiederrecht (2022).
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Techniques
Bounding Distinguishing Power without Characterizations
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Given a class F , we need to construct non-isomorphic G and H such that G ≡F H.

• Canonical source for non-isomorphic graphs: Cai–Fürer–Immerman
construction.

• Establishing that G ≡F H requires characterizations of ≡F .

• treewidth ≤ k: bijective pebble game Cai, Fürer, & Immerman (1992)
• planar graphs: quantum isomorphism game

Atserias, Mančinska, Roberson, Šámal, Severini, & Varvitsiotis (2019)
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Goals

• Show that ≡F is not isomorphism without characterizing ≡F .

• Lift this statement from F to operation(F).

Build on framework of Roberson (2022) for analyzing CFI graphs combinatorially.
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The CFI construction produces two graphs G0 6∼= G1 from a connected graph G.

Theorem (Roberson (2022))
For a graph F and a connected graph G,

hom(F,G0) 6= hom(F,G1) ⇐⇒ ∃weak oddomorphism F → G.

Refined Goals

• Find a connected graph G such that F 6w.o.−→ G

, we say ‘F is w.o.-closed’.

• Study how weak oddomorphisms interact with graph operations.
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Theorem
For every k ≥ 0, there exist non-isomorphic G and H that are homomorphism
indistinguishable over all graphs of vortex-free Hadwiger number ≤ k.

Black box ingredient: Planar graphs are
w.o.-closed. Roberson (2022)

• Bounded genus via k-Kuratowski
minors

• If F is w.o.-closed, then F + apices is
w.o.-closed.

• If F is w.o.-closed, then
F + cliquesums is w.o.-closed.
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Eg := {graphs of genus ≤ g}.

Theorem
For every g ≥ 0, there exist graphs G and H with G ≡Eg H and G 6≡Eg+1 H.

Hk := {graphs of vortex-free Hadwiger number ≤ k}.

Theorem
For every k ≥ 0, there exist graphs G and H with G ≡Hk H and G 6≡Hk+1 H.
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For which F is the relation ≡F the same as isomorphism ∼=?

bounded expansion

excluded topo-
logical minor

bounded
Œ-admissibility excluded minor

excluded weak
immersion

bounded Euler genus bounded vortex-free
Hadwiger number

planar bounded treewidth

bounded degree forests

7
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Future Work

• Combinatorial explanation for planar
black box.

• Roberson’s (weak) conjecture
• Roberson’s strong conjecture
• Dense graph classes.
• Complexity of ≡F for

F = {bounded genus} etc.
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